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Although linear algebra has been 
included in the high school cur-
riculum (CCSSI 2010), better 

support is needed for teachers. Most 
textbooks are written for college stu-
dents and emphasize heavy computa-
tions, algorithms, and procedures. A 
newspaper article (Mathews 2012) 
described a seasoned high school teacher 
struggling with teaching linear algebra, 
making mistakes, being confused, and 
eventually quitting his job midsemester. 
The school administration scrambled to 
find a replacement, going from substi-
tute teachers to mathematics graduate 
students (from a nearby university) to 
its own mathematics chair, who had no 
previous experience teaching linear alge-
bra either.  

To address the need for teacher sup-
port and effective learning experiences 
for students, we present four activities 
that are specifically focused on making 
linear algebra intuitive, engaging, and 
hands-on. The topics are included in the 
vector and matrix quantities strand of 
the Common Core State Standards for 
Mathematics (CCSSI 2010):

•	 Recognize vector quantities as hav-
ing magnitude and direction (CCSSI.
MATH.HSN.VM.A.1) 

•	 Addition and subtraction of vectors 
(CCSSI.MATH.HSN.VM.B.4) 

•	 Scalar multiplication (CCSSI.MATH.
HSN.VM.B.5)
 

We used The Geometer’s Sketchpad® 
(GSP), although GeoGebra could also  
be used. Students working on these 
activities will need interactive geometry 
software skills for constructions includ-
ing measurements, parameters, and 
calculations. We encourage teachers to 
implement all four activities, which  
took about seventy minutes, in this 
order, particularly because students 
working on them have demonstrated 
improved learning and understanding  
of vector operations (see Appova and  
Berezovski 2013). Discussion questions 
are included to encourage students to 
reflect on their observations.

ACTIVITY 1: SCALAR 
MULTIPLICATION 
Defined as a directed line segment, a vec-
tor with its initial point (or tail) at the 
origin can be represented by the coordi-
nates of the segment’s endpoint (or tip). 
Thus, calculations in this activity used 
point coordinates to represent  
a vector, 

<Susie: pick up these symbols as often as necessary>

    ,         ,         .v cv v v cv v     . Students manipulated a 
parameter, c, to create a dynamic seg-
ment, 

<Susie: pick up these symbols as often as necessary>

    ,         ,         .v cv v v cv v     . With attention to the cases  
c > 1, c < 0, and 0 < c < 1, students 
recorded the scalar values c and noted 
the corresponding effect on the vector 

<Susie: pick up these symbols as often as necessary>

    ,         ,         .v cv v v cv v     .  
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The purpose was for the students to 
make explicit connections between the 
geometric representation of vectors and 
multiplication by a scalar as they noticed 
expansions, compressions, and changes 
in orientation. (See fig. 1.) 

Discussion Questions
• What scalar c will make the direc-

tions of the vectors 

<Susie: pick up these symbols as often as necessary>

    ,         ,         .v cv v v cv v      and 

<Susie: pick up these symbols as often as necessary>

    ,         ,         .v cv v v cv v      differ-
ent? Explain why this occurs.

• What scalar c will make the sizes of 
the vectors 

<Susie: pick up these symbols as often as necessary>

    ,         ,         .v cv v v cv v      and 

<Susie: pick up these symbols as often as necessary>

    ,         ,         .v cv v v cv v      different but 
will keep their directions the same? 
Explain.

• On the basis of your observations, 
identify the vectors 

<Susie: pick up these symbols as often as necessary>

    ,         ,         .v cv v v cv v      with the same 
size as 

<Susie: pick up these symbols as often as necessary>

    ,         ,         .v cv v v cv v     .
• Describe all the vectors 

<Susie: pick up these symbols as often as necessary>

    ,         ,         .v cv v v cv v      with the 
same direction as 

<Susie: pick up these symbols as often as necessary>

    ,         ,         .v cv v v cv v     . 

ACTIVITY 2: VECTORS 
IN DILATIONS AND 
CONTRACTIONS OF SHAPES 
This transitional activity helped 
strengthen students’ ideas about scalar 
multiplication as they generalized from 
line segments to geometric shapes. By 
doubling and halving the vertex coor-
dinates of a given rectangle, students 
directly observed and explained the 
meaning of dilation and contraction as 
the stretching and shrinking of geomet-
ric shapes.

To begin, students constructed rect-
angle A1B1C1D1 with coordinates that are 
obtained from the coordinates of ABCD
by scalar multiplication (see fig. 2). 
Students examined the sizes of the rect-
angles and considered the proportional 
changes and scale factors of the sides. 
Stretching or shrinking the original 
(blue) rectangle resulted in the similar 
scaled (green and red) objects.

Discussion Questions
• Construct a rectangle A1B1C1D1 by 

doubling the coordinates of rectangle 
ABCD. Measure the lengths of the 
sides of the original rectangle and the 
new rectangle. What do you notice?

• Explain the relationship between the 
corresponding vertices of rectangles 
ABCD and A1B1C1D1 in terms of 
vectors. 

• Construct the rectangle A2B2C2D2 by 
halving the coordinates of ABCD. 

How are the three rectangles that you 
have created related? How does the 
relationship among these rectangles 
relate to vectors?

• In your own words, explain 
the meaning of a dilation and a 
contraction. 

ACTIVITY 3: VECTOR ADDITION
This activity targeted students’ under-
standing of vector addition through 

geometric constructions, manipulations, 
and observations using technology. The 
software allowed students to move the 
vectors 

<Susie: pick up as many times as necessary>

        .    ,     ,         .    ,     .    

     

v u v u v w w s v s

v u

   



    

 

−, 

<Susie: pick up these symbols as often as necessary>

    ,         ,         .v cv v v cv v     , 

<Susie: pick up these symbols as often as necessary>

    ,         ,         .v cv v v cv v      + 

<Susie: pick up as many times as necessary>

        .    ,     ,         .    ,     .    

     

v u v u v w w s v s

v u

   



    

 

−, and 

<Susie: pick up as many times as necessary>

        .    ,     ,         .    ,     .    

     

v u v u v w w s v s

v u

   



    

 

− + 

<Susie: pick up these symbols as often as necessary>

    ,         ,         .v cv v v cv v      around the 
screen while tracking the coordinates  
(see fig. 3). Using technology, students 

Fig. 1  Samples of screen shots from the scalar multiplication activity show the effect of different 

values of c.

Fig. 2  A screen shot shows dilations and 

contractions of the blue rectangle.

Fig. 3  The vector addition activity explores 

commutativity using the triangle and 

parallelogram constructions.
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explored and answered construction-
based questions. 

From class, many students were 
aware of the coordinate addition rule. 
However, they also needed to be able 
to use the software to geometrically 
construct the resultant vector 

<Susie: pick up these symbols as often as necessary>

    ,         ,         .v cv v v cv v      + 

<Susie: pick up as many times as necessary>

        .    ,     ,         .    ,     .    

     

v u v u v w w s v s

v u

   



    

 

− or 

<Susie: pick up as many times as necessary>

        .    ,     ,         .    ,     .    

     

v u v u v w w s v s

v u

   



    

 

− + 

<Susie: pick up these symbols as often as necessary>

    ,         ,         .v cv v v cv v     , given vectors 

<Susie: pick up as many times as necessary>

        .    ,     ,         .    ,     .    

     

v u v u v w w s v s

v u

   



    

 

− and 

<Susie: pick up these symbols as often as necessary>

    ,         ,         .v cv v v cv v     . Geometric 
interpretations (i.e., the triangle and 
parallelogram rules) helped students 
observe and explain why vector addition 
is commutative. Some students identi-
fied the parallelogram as being composed 
of two congruent triangles; some noted 
that opposite sides of a parallelogram 
are congruent. Discussion led students 
to recognize that the decomposition of a 
vector into a sum of two vectors is not 
unique. (See fig. 4.)

As part of this activity, teachers 
might ask students to complete the fol-
lowing tasks: 

• Using the coordinate addition rule, 
add vectors 

<Susie: pick up as many times as necessary>

        .    ,     ,         .    ,     .    

     

v u v u v w w s v s

v u

   



    

 

− and 

<Susie: pick up these symbols as often as necessary>

    ,         ,         .v cv v v cv v      to construct the 

resultant vector 

<Susie: pick up as many times as necessary>

        .    ,     ,         .    ,     .    

     

v u v u v w w s v s

v u

   



    

 

− + 

<Susie: pick up these symbols as often as necessary>

    ,         ,         .v cv v v cv v     . 
• Construct the vectors 

<Susie: pick up these symbols as often as necessary>

    ,         ,         .v cv v v cv v      + 

<Susie: pick up as many times as necessary>

        .    ,     ,         .    ,     .    

     

v u v u v w w s v s

v u

   



    

 

− (by add-
ing 

<Susie: pick up as many times as necessary>

        .    ,     ,         .    ,     .    

     

v u v u v w w s v s

v u

   



    

 

− to the tip of 

<Susie: pick up these symbols as often as necessary>

    ,         ,         .v cv v v cv v     ) and 

<Susie: pick up as many times as necessary>

        .    ,     ,         .    ,     .    

     

v u v u v w w s v s

v u

   



    

 

− + 

<Susie: pick up these symbols as often as necessary>

    ,         ,         .v cv v v cv v      (by 
adding 

<Susie: pick up these symbols as often as necessary>

    ,         ,         .v cv v v cv v      to the tip of 

<Susie: pick up as many times as necessary>

        .    ,     ,         .    ,     .    

     

v u v u v w w s v s

v u

   



    

 

−). Compare 
these vectors, 

<Susie: pick up these symbols as often as necessary>

    ,         ,         .v cv v v cv v      + 

<Susie: pick up as many times as necessary>

        .    ,     ,         .    ,     .    

     

v u v u v w w s v s

v u

   



    

 

− and 

<Susie: pick up as many times as necessary>

        .    ,     ,         .    ,     .    

     

v u v u v w w s v s

v u

   



    

 

− + 

<Susie: pick up these symbols as often as necessary>

    ,         ,         .v cv v v cv v     , with 
the vector that you constructed using 
the coordinate addition rule. 

Discussion Questions
• Explain why the different construc-

tions adding 

<Susie: pick up as many times as necessary>

        .    ,     ,         .    ,     .    

     

v u v u v w w s v s

v u

   



    

 

− and 

<Susie: pick up these symbols as often as necessary>

    ,         ,         .v cv v v cv v      result in the 
same vector.

• Change the magnitudes of 

<Susie: pick up as many times as necessary>

        .    ,     ,         .    ,     .    

     

v u v u v w w s v s

v u

   



    

 

− and 

<Susie: pick up these symbols as often as necessary>

    ,         ,         .v cv v v cv v      to 
check that commutativity still holds. 
In your own words, explain why 
addition of vectors is commutative.

• Is it possible to find other pairs of 
vectors (different from the given 

<Susie: pick up as many times as necessary>

        .    ,     ,         .    ,     .    

     

v u v u v w w s v s

v u

   



    

 

−
and 

<Susie: pick up these symbols as often as necessary>

    ,         ,         .v cv v v cv v     ) that will add up to the same 
resultant? If so, use technology to 
construct an example. If not, explain 
why not. 

• Is it possible to find a pair of vectors 

<Susie: pick up as many times as necessary>

        .    ,     ,         .    ,     .    

     

v u v u v w w s v s

v u

   



    

 

− and 

<Susie: pick up these symbols as often as necessary>

    ,         ,         .v cv v v cv v      so that 

<Susie: pick up as many times as necessary>

        .    ,     ,         .    ,     .    

     

v u v u v w w s v s

v u

   



    

 

− + 

<Susie: pick up these symbols as often as necessary>

    ,         ,         .v cv v v cv v      is shorter than 

<Susie: pick up as many times as necessary>

        .    ,     ,         .    ,     .    

     

v u v u v w w s v s

v u

   



    

 

−
and shorter than 

<Susie: pick up these symbols as often as necessary>

    ,         ,         .v cv v v cv v     ? If so, use technol-
ogy to construct an example. If not, 
explain why not.

• Is it possible to find a pair of vectors 

<Susie: pick up as many times as necessary>

        .    ,     ,         .    ,     .    

     

v u v u v w w s v s

v u

   



    

 

− and 

<Susie: pick up these symbols as often as necessary>

    ,         ,         .v cv v v cv v      so that 

<Susie: pick up as many times as necessary>

        .    ,     ,         .    ,     .    

     

v u v u v w w s v s

v u

   



    

 

− + 

<Susie: pick up these symbols as often as necessary>

    ,         ,         .v cv v v cv v      is longer than 

<Susie: pick up as many times as necessary>

        .    ,     ,         .    ,     .    

     

v u v u v w w s v s

v u

   



    

 

−
and longer than 

<Susie: pick up these symbols as often as necessary>

    ,         ,         .v cv v v cv v     ? If so, use technol-
ogy to construct an example. If not, 
explain why not. 

ACTIVITY 4: VECTOR 
SUBTRACTION 
In this activity, students applied knowl-
edge from the previous activities: scalar 
multiplication, construction of opposite 
vectors, and vector addition. They con-

sidered vector magnitude, direction, 
and coordinates. Students made specific 
connections between a geometric repre-
sentation of the triangle or parallelogram 
rule and the addition or subtraction of 
vectors (see fig. 5). Some students noted 
that subtracting a vector is the same as 
adding its opposite. In these explora-
tions, the software allowed students to 
move the vectors but keep their magni-
tude and direction fixed (unchanged). 
Students could be asked to complete the 
following tasks: 

• Construct a vector 

<Susie: pick up as many times as necessary>

        .    ,     ,         .    ,     .    

     

v u v u v w w s v s

v u

   



    

 

− starting at the 
terminal point of 

<Susie: pick up these symbols as often as necessary>

    ,         ,         .v cv v v cv v      and connecting 
to the terminal point of 

<Susie: pick up as many times as necessary>

        .    ,     ,         .    ,     .    

     

v u v u v w w s v s

v u

   



    

 

−. Provide its 
coordinates and magnitude.

• Construct a vector 

<Susie: pick up as many times as necessary>

        .    ,     ,         .    ,     .    

     

v u v u v w w s v s

v u

   



    

 

−, which is the 
sum of 

<Susie: pick up as many times as necessary>

        .    ,     ,         .    ,     .    

     

v u v u v w w s v s

v u

   



    

 

− and –

<Susie: pick up these symbols as often as necessary>

    ,         ,         .v cv v v cv v     . Provide its coordi-
nates and magnitude. 

Discussion Questions
• How do 

<Susie: pick up as many times as necessary>

        .    ,     ,         .    ,     .    

     

v u v u v w w s v s

v u

   



    

 

−, 

<Susie: pick up these symbols as often as necessary>

    ,         ,         .v cv v v cv v     , and 

<Susie: pick up as many times as necessary>

        .    ,     ,         .    ,     .    

     

v u v u v w w s v s

v u

   



    

 

− relate in terms of 
their coordinates and magnitudes?

• How do 

<Susie: pick up as many times as necessary>

        .    ,     ,         .    ,     .    

     

v u v u v w w s v s

v u

   



    

 

− and 

<Susie: pick up as many times as necessary>

        .    ,     ,         .    ,     .    

     

v u v u v w w s v s

v u

   



    

 

− relate in terms of 
their coordinates and magnitudes?

• Given another set of two vectors 

<Susie: pick up as many times as necessary>

        .    ,     ,         .    ,     .    

     

v u v u v w w s v s

v u

   



    

 

−
and 

<Susie: pick up these symbols as often as necessary>

    ,         ,         .v cv v v cv v     , explain how you would create 
a vector 

<Susie: pick up as many times as necessary>

        .    ,     ,         .    ,     .    

     

v u v u v w w s v s

v u

   



    

 

− such that 

<Susie: pick up as many times as necessary>

        .    ,     ,         .    ,     .    

     

v u v u v w w s v s

v u

   



    

 

− = 

<Susie: pick up as many times as necessary>

        .    ,     ,         .    ,     .    

     

v u v u v w w s v s

v u

   



    

 

− – 

<Susie: pick up these symbols as often as necessary>

    ,         ,         .v cv v v cv v     .

GEOMETRIC INTERPRETATION 
IN LINEAR ALGEBRA
Research studies strongly emphasize the 
use of geometric structures and repre-
sentations in linear algebra (Harel 1989; 
Tabaghi 2010; Gueudet-Chartier 2002). 
These four activities target students’ 
learning through geometric interpreta-
tions of vectors (Tabaghi 2010), the 
development of students’ concept images 
(Harel 1989), and geometric intuitions 
(Gueudet-Chartier 2002). The discus-
sion questions are included to help 
teachers situate linear algebra in a more 
engaged and hands-on learning environ-
ment in their classrooms. As an addi-
tional resource, a Geometer’s Sketchpad 
file is available with the online article.
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Fig. 4  The resultant 

<Susie: pick up as many times as necessary>

        .    ,     ,         .    ,     .    

     

v u v u v w w s v s

v u

   



    

 

−

+

<Susie: pick up as many times as necessary>

        .    ,     ,         .    ,     .    

     

v u v u v w w s v s

v u

   



    

 

−

 (in red) may be lon-

ger than both 

<Susie: pick up as many times as necessary>

        .    ,     ,         .    ,     .    

     

v u v u v w w s v s

v u

   



    

 

−

 and 

<Susie: pick up as many times as necessary>

        .    ,     ,         .    ,     .    

     

v u v u v w w s v s

v u

   



    

 

−

 (shown as dashed seg-

ments) or shorter (shown with solid segments).

Fig. 5  Sample screen shots show vector subtraction.
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Which technologies enrich your teaching? Which motivate your 
students?

// Do you have a great way to use technology in your classroom? 
Tell us how!

// Perhaps you have some refl ections on technology that you 
would like to share. What should we be thinking about?

// Or perhaps you have found an invaluable website that you 
have been using. Share it!

The editors of Technology Tips want to hear from you! 

Write up your tip (including step-by-step directions) and 
then submit your manuscript by accessing mt.msubmit.net. 
Be sure to select Technology Tips in the Department/Calls 
fi eld. No author identifi cation should appear in the text of 
the manuscript. Additional guidelines for preparation of 
manuscripts can be found at www.nctm.org/mtcalls.
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